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Abstract
We construct an infinite family of links which are both almost alternating and quasi-alternating from
a given either almost alternating diagram representing a quasi-alternating link, or connected and reduced
alternating tangle diagram. To do that we use what we call a dealternator extension which consists in
replacing the dealternator by a rational tangle extending it. We note that all not alternating and quasi-
alternating Montesinos links can be obtained in that way. We check that all the obtained quasi-alternating
links satisfy Conjecture 3.1 of Qazaqzeh et al. (JKTR 22 (06), 2013), that is the crossing number of a quasi-
alternating link is less than or equal to its determinant. We also prove that the converse of Theorem 3.3 of
Qazaqzeh et al. (JKTR 24 (01), 2015) is false.
1 Introduction
The set of quasi-alternating links appeared in the context of link homology as a natural generalization of al-
ternating links. They were defined in [19] where the authors showed that they are homologically thin for both
Khovanov homology and knot Floer homology as alternating links with which they share many properties.
On the other hand, it was shown in [19] that every non split alternating link is quasi-alternating and that the
branched double cover of any quasi-alternating link is an L-space.
If D is a link diagram, we denote by L(D) the link for which D is a projection. Quasi-alternating links are
defined recursively as follows:
Definition 1.1. The set Q of quasi-alternating links is the smallest set of links satisfying the following prop-
erties:
1. The unknot belongs to Q,
2. if L is a link with a diagram D containing a crossing c such that
(a) for both smoothings of the diagram D at the crossing c denoted by Dc0 and D
c∞ as in figure 1), the
links L(Dc0) and L(Dc∞) are in Q and,
(b) det(L) = det(L(Dc0)) + det(L(Dc∞)).
Then L is in Q. In this case we will say that c is a quasi-alternating crossing of D and that D is quasi-
alternating at c.
D Dc∞ D
c
0
c
Figure 1: The link diagram D and its smoothings Dc0 and D
c∞ at the crossing c.
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Champanerkar and Kofman proved that quasi-alternating property is inheritable via rational extension of a
quasi-alternating crossing [4], that is the operation which consists in replacing a quasi-alternating crossing of a
diagram by a rational tangle extending it as in Fig. 13.
Champanerkar and Kofman proved the following theorem.
Theorem 1.1 (Theorem 2.1, [4]). If D is a quasi-alternating link diagram, let Dc←T be the link diagram
obtained by replacing any quasi-alternating crossing c with an alternating rational tangle T that extends c.
Then Dc←T is quasi-alternating.
Thus the last theorem provides a way to get new quasi-alternating diagrams from former ones.
Note that when one extends a quasi-alternating crossing, all crossings of the inserted tangle become quasi-
alternating also, including the extended crossing itself.
In this paper we will give an other way to build new quasi-alternating diagrams also relying on rational ex-
tensions. Nevertheless, unlike what was done in [4], the crossing which will be extended will not be quasi-
alternating. To do that, we will start with an almost alternating link diagram D, i.e. a diagram in which one
crossing change makes it alternating. We suppose that L(D) is quasi-alternating. Then we consider a crossing
the change of which makes the diagram alternating. Such a crossing is called a dealternator of D. Note that
an almost alternating diagram can have more than one dealternator. But that cannot occur when that diagram
is the projection of a quasi-alternating link (Proposition 2.2, [25]). Our first observation is that a dealternator
cannot be a quasi-alternating crossing as mentionned in Corollary3.3. However, we show that there is a ra-
tional extension of D at the dealternator which generates a quasi-alternating diagram. We call such operation a
dealternator extension of D. We get the following Theorem which is one of our main results.
Theorem 1.2. Let D be an almost alternating diagram representing a quasi-alternating link. If c is the deal-
ternator of D, then there exists a dealternator extension of D where c becomes a quasi-alternating crossing.
The proof will be given in section 3 after a more detailed statement (Theorem 3.8).
On the other hand, we show that all non alternating quasi-alternating Montesinos links can be obtained by
some dealternator extensions of rational links. In corollary 5.3, we check that any quasi-alternating link arising
as a dealternator extension of an almost alternating diagram which represents a quasi-alternating link satisfies
the following conjecture formulated by Khaled Qazaqzeh, Balqees Qublan and Abeer Jaradat in [20] and which
compares the crossing number c(L) of a quasi-alternating link L to its determinant det(L).
Conjecture 1.1. Every quasi-alternating link L satisfies c(L) ≤ det(L).
The paper is organized as follows. In the second section we recall the main tools needed to prove our
results, mainly graphs and tangles. We give a brief overview on the link families which we will deal with. We
recall some of their properties. In the third section, we show Theorem 1.2 where the technique of dealternator
extension is introduced and show some relative results. In the fourth section, we give some applications of
Theorem 1.2. We describe a method of generating links which are both almost alternating and quasi-alternating.
Then we show how that process allows to construct all non alternating quasi-alternating Montesinos links. The
fifth section, is devoted to the consolidation of the conjecture 1.1. In the last section we answer the question
asked by K. Qazaqzeh, N. Chbili and B. Qublan at the end of [21].
2 Preliminaries
2.1 Graphs
To prove some of our results, we will need some graph-theoretical machinery which will be found in [23].
For any connected link diagram D, we can associate a connected graph G(D), called the Tait graph of D
by checkerboard coloring complementary regions assigning a vertex to every shaded region, an edge to every
crossing and a ± sign to every edge according to the convention in Fig. 2. Note that there are two choices for
the checkerboard coloring which give dual graphs.
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Figure 2: The sign convention for the Tait graph of a link diagram.
Figure 3: A Tait graph with only negative edges.
Figure 4: A Tait graph with only positive edges (in blue) and its dual (in red).
Since an edge and its dual have opposite signs, we will always choose the Tait graphs which have more
positive edges than negative ones. Note that the edges of a Tait graph of an alternating link diagram are all of
the same sign.
Graphs allow to get some link invariants like the determinant. A. Champanerkar and I. Kofman showed the
following lemma [4].
Lemma 2.1. For any spanning tree T of G(D), let v(T ) be the number of positive edges in T .
Let sk(D) = #{ spanning trees T of G(D) | v(T ) = k}. Then
det(D) =
∣∣∣∣∣∑
k
(−1)ksk(D)
∣∣∣∣∣ .
Remark 2.1. In particular, the determinant of an alternating link is the number of the spanning trees in a Tait
graph of any alternating diagram of that link.
2.2 Tangles
In this paper, we call a tangle T any proper embedding of two disjoint arcs and a (possibly empty) set of loops
in a 3-ball B3. Two tangles T and T ′ are equivalent if there is an ambient isotopy of B3 which is the identity
on the boundary and which takes T to T ′.
We assume that the four endpoints lie in the great circle of the boundary sphere of B3 which joins the two
poles. That great circle bounds a two disk B2 in B3. We consider a regular projection of B3 on B2. The image
of a tangle T by that projection in which the height information is added at each of the double points is called a
tangle diagram of T . Two tangle diagrams will be equivalent if they are related by a finite sequence of planar
isotopies and Reidemeister moves in the interior of the projection disk B2. Two tangles will be equivalent iff
they have equivalent diagrams.
Depending on the context we will denote by T the tangle or its projection.
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The four endpoints of the arcs in the diagram are usually labeledNWT ,NET ,SET , and SWT with symbols
referring to the compass directions as in the Fig. 5.
Figure 5: An alternating tangle diagram T .
A tangle diagram T is said to be disconnected if either there exists a simple closed curve embedded in the
projection disk, called a splitting loop, which do not meet T , but encircles a part of it, or there exists a simple arc
properly embedded in the projection disk, called a splitting arc, which do not meet T and splits the projection
disk into two disks each one containing a part of T . A tangle diagram is connected if it is not disconnected.
A tangle diagram is reduced if its number of crossings can not be reduced by any tangle equivalence.
A tangle diagram T is said to be locally knotted if there exists a simple closed curve C embedded in the
interior of the disk projection, called a factorizing circle of T , which meets T transversally at two points and
bounds a disk inside the disk projection which meets T in a knotted spanning arc.
We adopt the notations used for rational tangles by L. J ay R. Goldman and H. Kauffman in [8] and L. H.
Kauffman and S. Lambroupoulou in [12]. In the figure 6, we recall some operations defined on tangles.
T S
T + S
S
T
T ∗ S
−T
1
T cc
, ,
Figure 6: Some operations on tangle diagrams.
A (−pi) rotation of a tangle diagram T in the horizontal axis is called horizontal flip and will be denoted by
Th. That is the tangle diagram obtained by rotating the ball containing T in space around the horizontal axis
as shown on the left in Fig. 7 and then project the new tangle by the same projection function as that used to
get T . Note that if T is an alternating tangle diagram, then Th is also alternating. Note that the flip operation
preseves the isotopy class of a rational tangle (Flip Theorem 1. [8]).
T
b b
b b
Th
b b
b b
T ThFlip F lype
Figure 7: Flip and flype operations
A flype is an isotopy of tangles that is depicted on the right in the Fig. 7.
A tangle diagram T provides two link diagrams: the Numerator of T , denoted by n(T ), which is obtained
by joining with simple arcs the two upper endpoints (NWT , NET ) and the two lower endpoints (SWT , SET )
of T , and the Denominator of T , denoted by d(T ), which is obtained by joining with simple arcs each pair of
the corresponding top and bottom endpoints (NWT , SWT ) and (NET , SET ) of T (see Fig. 8). We denote
N(T ) and D(T ) respectively the corresponding links.
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Td(T ) n(T )
T
Figure 8: The denominator and the numerator of a tangle diagram T .
As in the case of link diagrams, one can associates to each tangle diagram T a signed planar graph by
choosing a checkerboard coloring of T . This graph will also have a dual graph. The signed planar graph of T
may be put inside the projection disk such that two of its vertices are evenly spaced on the boundary circle and
which we call boundary vertices. We denote it byGd(T ) when its boundary vertices happen to be on the lateral
sides of the boundary circle. If one boundary is on the upper arc and the other on the lower arc of the boundary
circle, we will denote the graph by Gn(T ). Note that Gn(T ) and Gd(T ) are respectively Tait graphs of n(T )
and d(T ) (see Fig. 9).
Figure 9: The graph Gn(T ) on the left and Gd(T ) on the right.
If T is a connected tangle diagram, then Gn(T ) and Gd(T ) are both connected graphs (see [10]).
Denote by u and v the boundary vertices of Gd(T ). We join u to v by a simple arc in the exterior of the disk
projection. If we coalesce u and v by contracting that arc, then we get the dual of Gn(T ) which is also a Tait
graph of n(T ) (compare the three graphs in Fig. 3 and Fig. 4).
A tangle diagram T is called alternating if the “over” or “under” nature of the crossings alternates as one
moves along any arc of T . A tangle is said to be alternating if it admits an alternating diagram. A tangle
diagram T is alternating iff all the edges of Gd(T ) are of the same sign.
We will need the following lemma.
Lemma 2.2. If T is an alternating connected locally unknotted tangle diagram, then n(T ) or d(T ) is prime.
Proof. Let us assume that d(T ) is not prime. Then there exists a closed simple curve C in the plane meeting
d(T ) transversely in two points x and y, and which factorizes d(T ). The curve C bounds a disk ∆ in the plane.
It is easy to see that the only possible case for x and y is that they are both located inside the disk projection
B2.
Consider the connected graph Gd(T ) introduced above with its boundary vertices u and v. We can assume
that Gd(T ) meets C in only one cut vertex a. Furthermore ∆ contains a single denominator closure arc, then
each connected component of Gd(T ) \ a contains a boundary vertex. Denote by Hu and Hv the connected
components of Gd(T ) \ a containing respectively u and v. Let o and o′ be two vertices of Gd(T ) contained
respectively in Hu and Hv and distinct from a. By connectedness of d(T ) and Theorem 6 in [26], there exists
a chain c from u to v, passing through o, a, and o′. When coalescing u and v, the chain c becomes a cycle c′ of
Gn(T ) containing u, v, o, a, and o′. Note that any cycle of Gd(T ) is also a cycle of Gn(T ) by coalescing u and
v. We conclude that, if o and o′ are not already contained in some cycle of Gd(T ), then they are contained in
the cycle c′ of Gn(T ). The graph Gn(T ) is then non-separable by Theorem 7 in [26]. Since, as stated in [23],
non-separable graphs correspond to prime link diagrams, hence, n(T ) is prime.
Since n(T ) = d( 1T cc), then the above argument shows that when n(T ) is composite, d(T ) is prime.
Let T be an alternating connected tangle diagram. Consider the arc of T which have NWT as an endpoint.
Suppose that when we move along that arc starting at NWT we pass below at the first encountered crossing.
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Then all edges of Gn(T ) will be positive, all edges of Gd(T ) will be negative, the arc of T which ends at the
point SET will also pass below at the last encountered crossing before reaching SET and the arc of T which
starts at NET will pass over at the first encountered crossing. It is easy to see that the arcs of T coming from
diametrically opposite endpoints both pass over or below at the first encountered crossing. That remark enables
us to distinguish two types of alternating connected tangle diagrams which we call type 1 tangles and type 2
tangles as shown in the Fig. 10. Throughout the rest of this paper, all the considered alternating tangle diagrams
will be assumed to be of type 1 unless otherwise stated.
T
Type 1 Type 2
T
Figure 10: Type 1 and Type 2 alternating tangle diagrams.
Let T be an alternating tangle diagram in B2. Then n(T ) and d(T ) are both alternating diagrams. If n(T )
and d(T ) are also connected and reduced, then T is said to be strongly alternating.
2.3 Rational tangles
A rational tangle t is a tangle in B3 such that the pair (B3, t) is homeomorphic to (B2× [0, 1], {x, y}× [0, 1]),
where x and y are points in the interior of B2. The elementary rational tangle diagrams 0, ±1,∞ are shown in
Fig. 11.
Figure 11: Elementary rational tangles.
The sum of n copies of the tangle diagram 1 or of n copies of the tangle −1 are respectively the integral
tangle diagrams denoted also by n and −n. If t is a rational tangle diagram then 1t c and 1t cc are equivalent and
both represent the inversion of t denoted by 1t .
Let t be a rational tangle diagram and p, q ∈ Z, we have the following equivalences:
p+ t+ q = t+ p+ q ,
1
p
∗ t ∗ 1
q
= t ∗ 1
p+ q
.
t ∗ 1
p
=
1
p+ 1t
,
1
p
∗ t = 11
t + p
.
Using the above notations and equivalences one can naturally associate to any continued fraction
a1 +
1
a2 +
1
. . .+ 1
an−1+ 1an
, ai ∈ Z,
a tangle diagram as shown in Fig. 12 denoted by [a1, ..., an].
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an−1
a
n−
2
an−3
a3
a
2
b
b
b
a1
a
n
a
n−
1
an−2
a3
a
2
b
b
b
a1
an
a
n−
3
Figure 12: The standard rational tangle diagram [a1, ..., an] according to n is even (left) or odd (right).
Conversely, it is known that for any rational tangle t, there exists an integer n ≥ 1 and integers a1 ∈ Z,
a2, ..., an ∈ Z \ {0}, all of the same sign, such that t = [a1, ..., an]. Then t corresponds to a continued fraction
and then to a rational number called the fraction of the tangle.
J. H. Conway showed in [7] that two rational tangles are equivalent if and only if they have the same
fraction. Then any rational tangle t can be represented by a continued fraction [a1, ..., an] = ab where a and b
are two coprime integers.
The standard diagram of a rational tangle t will be the alternating connected reduced locally unknotted
diagram naturally associated to the continued fraction of t described above. In what follows a rational tangle
diagram will mean the standard one.
2.4 Rational extensions
Let c be a crossing of some link diagram. It can be considered as a 2-tangle with marked end points. By using
Conway’s notation for rational tangles, we assign to c the number ε(c) ∈ {−1, 1} according to whether the
overstrand has negative or positive slope as depicted in the figure below.
ε(c) = 1 ε(c) = −1
We recall the technic of rational extension used by A. Champanerkar and I. Kofman in [4]. We say that a
rational 2-tangle t = [a1, ..., an] extends the crossing c if t contains c and for all i, ai.ε(c) ≥ 1. That means
that all crossings of t have the same Conway sign as that of c. One can always replace a crossing c in some
link diagram D with a rational 2-tangle t which extends it to get a new link diagram which we will denote by
Dc←t. This diagrammatic operation is called a rational extension of c with t. We will say that c is the extended
crossing, and t is an extension tangle of c. The link diagram Dc←t will be called a rational extension of D at c.
A rational extension with fraction 134 = 3 +
1
4 of the diagram of the Hopf link is depicted in the Fig. 13.
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cFigure 13: From the left: Hopf link, rational tangle [3, 4] = 134 and rational extension D
c← 13
4 .
2.5 Almost alternating links
A link diagramD is said to be almost alternating if one crossing change makes it alternating. A crossing whose
change yields an alternating diagram is called a dealternator. A link L is said to be almost alternating if it is
not alternating and has an almost alternating diagram. Recall that the category of almost alternating links was
first introduced by Adams, Brock, Bugbee, Comar, Huston, and Jose in [2].
Note that if a link diagram is an almost alternating diagram with one dealternator then the edges of its
Tait graph are all of the same sign except that associated to the dealternator which will be of opposite sign.
Throughout the rest of the paper, we will consider only the Tait graphs for which the edge corresponding to the
dealternator is negative.
Let D be an almost alternating link diagram with dealternator c. We will consider c as the rational tangle
−1 (rotateD if necessary). If both smoothingsDc0 andDc∞ ofD at c are reduced alternating link diagrams, then
D is said to be dealternator reduced. If those both smoothings are connected alternating link diagrams, then D
is said to be dealternator connected. A typical example of a dealternator connected reduced link diagram that
we will need in the following is the link diagram n(−1 + T ) where T is a strongly alternating tangle diagram.
Remark 2.2. Let L be an almost alternating link. Let D be an almost alternating diagram of L which has the
smallest crossing number among all almost alternating diagrams of L. Then D has only one dealternator c and
it is a dealternator connected reduced diagram as showed in the proof of the Corollary 4.5 in [2]. It is easy to
show that the diagram D is equivalent to the numerator n(−1 + T ) where T is a strongly alternating tangle
diagram. Hence L is equivalent to N(−1 + T ).
On the other hand, in the following, we will need to study if a link L = N(−1 + T ) is quasi-alternating.
To do this, we will use the Remark 2.3 below.
Remark 2.3. Consider a link L = N(−1 + T ). If T is locally knotted, then L has at least an alternating
factor. Let C be a factorizing circle of T . Denote by a and b the intersection points of C and T . Remove the
disk bounded by C and containing the alternating factor. Then, replace it with a disk containing one simple arc
joining a to b. We can repeat this operation until all alternating factors will be removed. Then we get a link
L
′
= N(−1 + T ′) where T ′ is a locally unknotted tangle diagram. Those operations preserve the property
of being quasi-alternating. Conversely, the link L is the connected sum of L
′
with some alternating factors.
Furthermore, the connected sum of any quasi-alternating links is quasi-alternating [19]. Finally, the link L is
quasi alternating if and only if L
′
is quasi alternating. So we can restrict to links L = N(−1 + T ) where T is
locally unknotted.
3 Dealternator extensions
Let D be an almost alternating diagram with dealternator c. The determinant of D is given in term of the
determinants of Dc0 and D
c∞ as stated in the following Proposition.
Proposition 3.1. Let D be an almost alternating diagram with dealternator c. Then
det(D) = |det (Dc0)− det (Dc∞)| .
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Proof. Let GD be the Tait graph of D such that the unique negative edge is that one corresponding to c. Call
that edge ec. The set T (GD) of spanning trees of GD admits a partition T c0 (GD) unionmulti T c∞(GD) where:
T c∞(GD) = {T ∈ T (GD)/ec ∈ T} , and T c0 (GD) = {T ∈ T (GD)/ec /∈ T}.
A tree in T c0 (GD) can be seen as a spanning tree of GDc0 . And if we contract the edge ec in a tree in T c∞(GD)
we get a spanning tree ofGDc∞ . Those correspondences are actually one-to-one following [4]. Let T ∈ T (GD),
then e(T ) = e+(T ) + e−(T ) = v(GD)− 1. If T is in T c∞(GD), then e(T ) = e+(T ) + 1 = v(GD)− 1, which
gives e+(T ) = v(GD)− 2. If T is in T c0 (GD), then e(T ) = e+(T ) = v(GD)− 1. This way we have∑
k
(−1)ksk(D) =(−1)v(GD)−1sv(GD)−1(D) + (−1)v(GD)−2sv(GD)−2(D)
=(−1)v(GD)−1#T c0 (GD) + (−1)v(GD)−2#T c∞(GD)
=(−1)v(GD)−1#T (GDc0) + (−1)v(GD)−2#T (GDc∞)
=(−1)v(GD)−1 det(Dc0) + (−1)v(GD)−2 det(Dc∞)
=(−1)v(GD)−1 (det(Dc0)− det(Dc∞))
The result then follows using Theorem 2.1.
Remark 3.1. Links with vanishing determinants are not quasi-alternating. This implies that if an almost altern-
ating diagram D is representing a quasi-alternating link, then the determinants of Dc0 and D
c∞ must differ if c
is the dealternator of D. When L(D) is also almost alternating, this diffrence has a lower bound (see Corollary
1.2, [16]).
Corollary 3.2. Let D be an almost alternating link diagram with dealternator c. Suppose that L(D) is quasi-
alternating, then
det (Dc0) 6= det (Dc∞) .
If L(D) is also almost alternating, then |det (Dc0)− det (Dc∞)| ≥ 8.
Corollary 3.3. An almost alternating diagram is never quasi-alternating at its dealternator.
Proposition 3.4. Let T be an alternating tangle diagram and let
α
β
> 0 be a rational number. We have the
following
1. det(n(αβ + T )) = β det(n(T )) + α det(d(T )).
2. det(n(−αβ + T )) = |β det(n(T ))− α det(d(T ))| .
Remark 3.2. If t and T are respectively a rational and an alternating tangle diagrams, the link diagram n(t+T )
is equivalent, up to mirror image, to the link diagram n(1t +
1
T c
) as shown in the figure below. Since the tangle
diagram 1T c is also alternating, one can only restrict to the case where 0 < |t| < 1 when considering the
numerator closure of t summed with an alternating tangle diagram.
t T
Tt Tt
1
T c
1
t
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Proof of Proposition 3.4. First part of the proposition: by Remark 3.2, we can assume that 0 < αβ < 1 and
then we write αβ = [0, a1, ..., ak] where k is a positive integer such that ai ≥ 1 for each i. We will use
induction on the number k of integer tangles which consist the rational tangle diagram corresponding to the
fraction αβ = [0, a1, ..., ak]. For k = 1, we have
α
β =
1
p for some integer p ≥ 1. In this case we have
n(αβ +T ) = n(
1
p+T ) which is an alternating link diagram which we denote byDp. Let us label by c1, ..., cp the
crossings of the vertical tangle 1p respectively from the top. It is clear that (Dj)
cs
0 = Dj−1 and (Dj)
cs∞ = n(T )
for each j, 1 ≤ j ≤ p, and for each s, 1 ≤ s ≤ j. Since the link diagram Dj is quasi-alternating at the crossing
cj , we have
det(n(
1
p
+ T )) = det(Dp)
= det(Dp−1) + det(n(T ))
...
= p det(n(T )) + det(d(T )).
Suppose the result holds until some rank k. Put αβ = [0, a1, ..., ak] and
γ
δ = [0, q, a1, ..., ak] for some
integer q ≥ 1. It is clear that [0, q, a1, ..., ak] = [a1, ..., ak] ∗ 1q . Thus, we have γδ = βα ∗ 1q = 1q+α
β
= βqβ+α .
Denote by Dj the link diagram n(βα ∗ 1j + T ) for each j, 0 ≤ j ≤ q. Also denote by c1, ..., cj the crossings
of the vertical tangle 1j respectively from the top. It is clear that (Dj)
cj
0 = Dj−1, and (Dj)cj∞ = n(βα)#n(T ).
Now since the link diagram Dj is quasi-alternating at the crossing cj for every 1 ≤ j ≤ q, we have
det(
γ
δ
+ T ) = det(Dq)
= det(Dq−1) + β det(n(T ))
...
= det(n(
β
α
+ T )) + qβ det(n(T )).
By Remark 3.2, we have det(n(βα + T )) = det(n(
α
β +
1
T c
)). Since αβ = [0, a1, ..., ak] consists of k integer
tangles, then by the induction hypothesis we have
det(n(
β
α
+ T )) = det(n(
α
β
+
1
T c
))
= β det(n(
1
T c
)) + α det(d(
1
T c
))
= β det(d(T )) + α det(n(T )).
This way we have
det(
γ
δ
+ T ) = det(n(
β
α
+ T )) + qβ det(n(T ))
= β det(d(T )) + α det(n(T )) + qβ det(n(T ))
= (α+ qβ) det(n(T )) + β det(d(T ))
= δ det(n(T )) + γ det(d(T )).
This completes the induction argument.
Second part of the proposition: Let D denote the almost alternating link diagram n(−1 + b−ab + T ) and let
c denote its dealternator. The link diagram D is equivalent to n(−ab + T ) by the rational tangle equivalence
−1 + b−ab = −ab . The link diagrams Dc0 and Dc∞ are respectively equivalent to n( b−ab +T ) and d( b−ab )#d(T ).
We have det(Dc0) = (b − a) det(d(T )) + bdet(n(T )), and det(Dc∞) = bdet(d(T )). By Proposition 3.1 we
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have
det(D) = det(n(−a
b
+ T ))
=
∣∣∣∣det(n(b− ab + T ))− det(d(b− ab )#d(T ))
∣∣∣∣
= |(b− a) det(d(T )) + bdet(n(T ))− bdet(d(T ))|
= |bdet(n(T ))− a det(d(T ))| .
Corollary 3.5. Let D be an almost alternating link diagram with dealternator c. Then
det
(
Dc←
1
−n
)
= |n× det (Dc0)− det (Dc∞)| , det
(
Dc←−n
)
= |n× det (Dc∞)− det (Dc0)| .
Proof. D can be represented as n(−1 + T ) where T is an alternating tangle diagram (not necessarily strongly
alternating in this case). The link diagrams Dc0 and D
c∞ would be equivalent to n(T ) and d(T ) respectively.
The result follows by using Proposition 3.4.
Take two strongly alternating tangle diagrams T and S of different types. The link diagram n(T + S) is
said to be semi alternating. A link is semi alternating if it admits a semi alternating diagram. Semi alternating
links are non split as shown in Proposition 6 of [15]. Semi-alternating links represent a special case of adequate
links, which we do not define in this paper. Adequate links are non quasi-alternating links since they have thick
Khovanov homology (Proposition 7 in [13]). By using the notion of semi-alternating links, we get the following
proposition.
Proposition 3.6. Let T be a strongly alternating tangle diagram and
a
b
be a rational number, 0 <
a
b
< 1. If
the link N(−a
b
+ T ) is quasi-alternating, then
det(n(T ))
det(d(T ))
>
a
b
.
Proof. Since N(−ab + T ) is quasi-alternating, then its determinant is not zero. Hence by Proposition 3.4 we
have det(n(T ))det(d(T )) 6= ab .
Suppose that det(n(T ))det(d(T )) <
a
b . Let D
′ denote the link diagram n(−1 + −ab + T ) and let c′ denote the leftmost
crossing ofD′. The link diagramD′ is equivalent to n(−2+ b−aa +T ) because of the rational tangle equivalence
−2 + b−aa = −1 + −ab . By Proposition 3.4 we have
det(D′) = det(n(−2 + b− a
a
+ T ))
=
∣∣∣∣2 det(d(b− aa + T ))− det(n(b− aa + T ))
∣∣∣∣
= (b+ a) det(d(T ))− bdet(n(T )).
On the other hand, the link diagrams D′c′0 and D′c
′
∞ are respectively equivalent to n(
−a
b +T ) and d(
−a
b )#d(T ).
This implies that L(D′c′∞) is quasi-alternating because it is a connected sum of alternating links. The link
L(D′c′0 ) is quasi-alternating by assumption. On the other hand, we have the following
det(D′c
′
0 ) + det(D
′c′
∞) = adet(d(T ))− bdet(n(T )) + bdet(d(T ))
= (b+ a) det(d(T ))− bdet(n(T ))
= det(D′).
This implies that the link diagram D′ is quasi-alternating at the crossing c′. Hence, by Theorem 1.1 , the link
diagram D′c
′←−1
2 , which is equivalent to the semi-alternating diagram n((−12 +
−a
b ) + T ), is quasi-alternating.
This is absurd since semi-alternating links are non quasi-alternating. Consequently, the inequality det(n(T ))det(d(T )) >
a
b
is true.
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Example 3.1. Let L be the link N(− [0, 1, 10, 1, 6] + T ) depicted in Fig. 3.1. We have
det(n(T ))
det(d(T ))
=
65
71
<
76
83
= [0, 1, 10, 1, 6] .
Then by Proposition 3.6 L is not quasi-alternating.
T− [0, 1, 10, 1, 6]
Figure 14: A non-quasi-alternating link.
Remark 3.3. Let T be a strongly alternating tangle diagram and t be a rational tangle diagram, 0 < t < 1. The
Proposition 3.6 provides an obstruction criterion for quasi-alternateness of the link L = N(−t+T ). However it
is not a sufficient condition. Indeed, if t = 12 and T =
1
3 +
1
3 , although the condition holds, the linkN(−t+T ),
which is equivalent to the Montesinos link M(−1; 2, 3, 3), is not quasi-alternating by Theorem 4.1.
Corollary 3.7. Let T be a strongly-alternating tangle diagram.
1. IfN(−12 +T ) is quasi-alternating, then the link diagram n(
−1
k +T ) is quasi-alternating at every crossing
of the vertical tangle
−1
k
for every integer k ≥ 3.
2. IfN(−2+T ) is quasi-alternating, then the link diagram n(−k+T ) is quasi-alternating at every crossing
of the integer tangle −k for every integer k ≥ 3.
Proof. 1. If N(−12 + T ) is quasi-alternating, then by Proposition 3.6 we have
det(n(T )
det(d(T )) >
1
2 , which is
equivalent to 2 det(n(T ))− det(d(T )) > 0. This last condition is enough to show that the link diagram
n(−13 + T ) is quasi-alternating at each crossing of the vertical tangle
−1
3 . The result then follows by
Theaorem 1.1.
2. The result follows by an analogous argument.
Now we are ready to prove Theorem 1.2. We will start by giving an expanded version.
Theorem 3.8. Let D be an almost alternating diagram representing a quasi-alternating link. Denote c its
dealternator. We have the following properties
1. If det (Dc0) > det (D
c∞), then the rational extension with fraction−
1
2
ofD at c yields a quasi-alternating
diagram.
2. det (Dc0) < det (D
c∞), then the rational extension with fraction −2 of D at c yields a quasi-alternating
diagram.
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Proof. First, sufficient and necessary conditions will be exhibited for Dc←−
1
2 to be quasi-alternating at c.
Dc←−
1
2 is quasi-alternating at c if and only if
L
((
Dc←−
1
2
)c
0
)
,L
((
Dc←−
1
2
)c
∞
)
∈ Q, and (1)
det
(
Dc←−
1
2
)
= det
((
Dc←−
1
2
)c
0
)
+ det
((
Dc←−
1
2
)c
∞
)
(2)
Since L
((
Dc←−
1
2
)c
0
)
= L(Dc0) is alternating and L
((
Dc←−
1
2
)c
∞
)
= L(D) is quasi-alternating by assump-
tion, then condition (1) is always satisfied. On the other hand, condition (2) is , by Proposition 3.4 and Corollary
3.2, equivalent to det(Dc0) > det(D
c∞). Finally we get that, under the assumptions of the theorem, D
c←− 1
2 is
quasi-alternating at c if and only if det(Dc0) > det(D
c∞). By an analogical reasoning we obtain that Dc←−2 is
quasi-alternating at c if and only if det(Dc0) < det(D
c∞). Following Corollary3.2, either D
c←− 1
2 or Dc←−2 is
quasi-alternating at c.
Example 3.2. We apply Theorem 3.8 to the link diagram on the left of the Fig. 15. It is an almost alternating
diagram which is quasi-alternating at the marked crossing. It represents the tabulated link L7n2 in [3]. Then we
get the quasi-alternating diagram on the right of the Fig. 15. This has one additional component and represents
the tabulated link L9n28 in [3].
Dealternator
extension
Figure 15: A dealternator extension of a diagram of the link L7n2 that provides the quasi-alternating link
L9n28.
4 Applications
4.1 Generating non alternating and quasi-alternating Montesinos links
Let ti 6= 0,±1, for i ∈ [[1, n]], be rational numbers, and let e be an integer. A Montesinos link is defined as
M(e; t1, ..., tn) := N(e+
1
t1
+ ...+ 1tn ). Those links were introduced by Montesinos in [18].
Let t = αβ be a rational number with β > 0. The floor of t is btc = max {x ∈ Z/x ≤ t} , and the fractional
part of t is {t} = t− btc < 1. For t 6= 1, define tˆ = 1{ 1t} > 1. We also put
(
α
β
)f
=
{
α
β−α if
α
β > 0
α
β+α if
α
β < 0
Let L be the Montesinos link M(e; t1, ..., tn). We define ε(L) = e +
n∑
i=1
b 1
ti
c. The link L is isotopic
to M(ε(L); tˆ1, ..., tˆn) (Proposition 3.2 , [5]). The link M(ε(L); tˆ1, ..., tˆn) is called the reduced form of the
Montesinos link L = M(e; t1, ..., tn).
A complete classification of quasi-alternating Montesinos links is given in [9].
Remark 4.1. Any Montesinos link is either alternating or almost alternating [1].
Theorem 4.1 (Theorem 1, [9]). Let L = M(e; t1, ..., tn) be a Montesinos link and M(ε(L); tˆ1, ..., tˆn) its
reduced form. Then L is quasi-alternating if and only if
1. ε(L) > −1, or
13
2. ε(L) = −1 and
∣∣∣tˆif ∣∣∣ > tˆj for some i 6= j, or
3. ε(L) < 1− n, or
4. ε(L) = 1− n and
∣∣∣tˆif ∣∣∣ < tˆj for some i 6= j.
By Theorem 10 in [15], the only non alternating and quasi-alternating Montesinos links are those with a
reduced form M(ε; tˆ1, ..., tˆn) where ε = −1 and
∣∣∣tˆif ∣∣∣ > tˆj for some i 6= j, and their reflections. We will
show in the following Theorem that the latter are almost alternating links which can be constructed iteratively
by using the technique developed in Theorem 3.8.
Theorem 4.2. Each non-alternating quasi-alternating Montesinos link can be obtained from some Montesinos
link M(−1, λγ , ηδ ) by a finite sequence of dealternator extensions, isotopies, rational extensions and likely flype
moves.
Proof. Let L be a non alternating quasi-alternating Montesions link. Let M(ε; α1β1 , ...,
αn
βn
) be its reduced form.
Since L is non alternating, then n ≥ 3 as proved in Proposition 3.1 in [5]. Furthermore, as the link L is
quasi-alternating, then by Theorem 4.1 ε = −1 and there exist i ∈ [[1, n]] and j ∈ [[1, n]] \ {i} such that∣∣∣∣∣
(
αi
βi
)f ∣∣∣∣∣ > αjβj . Note that we may have ε = 1− n. But the latter case corresponds to the mirror image of the
former one and then we can restrict ourselves to ε = −1. For convenience, let us denote αiβi = λγ and
αj
βj
= ηδ
and we suppose without loss of generality that i < j.
Let D1 be the almost alternating link diagram n
(
−1 + γλ + δη
)
. Let c1 be its dealternator. Note that the link
L(D1) is the alternating Montesinos link M
(
−1, λγ , ηδ
)
. By Proposition 4.1 in [5], we have
det(D1) =
∣∣∣∣λη(−1 + γλ + δη
)∣∣∣∣ .
Since
∣∣∣∣(λγ)f ∣∣∣∣ > ηδ , which is equivalent to γλ + δη > 1, then det(D1) 6= 0. This shows that L(D1) is non-split,
hence it is quasi-alternating.
Now, starting from D1, we will build the link L by using a finite sequence of operations which preserve the
property of being quasi-alternating. Let k ∈ [[1, n]] \ {i, j} be a fixed integer.
Step 1: If i > 1 and k < i, this step will be skipped. If not, according to whether i < k < j or j < k, we
use flype moves to slide the dealternator c1 in order to put it between the tangles γλ and
δ
η or to the right of the
tangle δη . So we get a new diagram D2 which is equivalent to D1 and is almost alternating. Let c2 denote its
dealternator.
Step 2: it is easy to see that L ((D2)c20 ) = M
(
0; λγ ,
η
δ
)
and L ((D2)c2∞) = (γλ)#( δη ). On the other hand, we
have det
(
M
(
0; λγ ,
η
δ
))
= λη
(
γ
λ +
δ
η
)
and det
(
d
(γ
λ
)
#d
(
δ
η
))
= λη. Then det ((D2)
c2
0 ) > det ((D2)
c2
∞).
Hence by Theorem 3.8, the diagram (D2)c2←−
1
2 is a quasi-alternating link diagram at each crossing of the
extension tangle −12 .
Step 3: now since−12 = −1+ 12 , then we may replace the tangle−12 in (D2)c2←−
1
2 with the tangle−1+ 12 to get
an equivalent almost alternating diagram D3 which is either n
(
−1 + 12 + γλ + δη
)
, or n
(
γ
λ + (−1 + 12) + δη
)
,
or n
(
γ
λ +
δ
η + (−1 + 12)
)
depending on the location of k as mentioned in the first step. One can easily check
that D3 is quasi-alternating at each crossing of the tangle 12 . Let c3 be the dealternator of D3. By using flype
moves if needed, we can assume that c3 is the first rational tangle on the left in the rational parametrization of
D3. Note that it is easy to check that D3 is quasi-alternating at each of the crossings τ1 and τ2 of the tangle 12 .
Step 4: now we are ready to insert the rational tangle t = βkαk . By Theorem 1.1 (D3)
τ1← t1−t is quasi-alternating
at each crossing of the tangle t1−t and also at τ2. Now since
t
1−t ∗ 1 = t, then we may consider τ2 as a
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crossing of the tangle t. Finally we built one of the following links: M
(
−1; αkβk , λγ ,
η
δ
)
, or M
(
−1; λγ , αkβk ,
η
δ
)
,
or M
(
−1; ηδ , λγ , αkβk
)
depending on the initial position of t = αkβk in the rational parametrization of L. This
ends what we call the first loop of the building process. The next loop will start with the ouput of the last one
and will allow the insertion of a new tangle αhβh . The same arguments used in the four last steps work again.
Then after n− 2 loops we will get the wanted rational parametrisation of L.
Flype moves Dealternator extension
Isotopy
Flype movesRational
extension
γ
λ
δ
η
γ
λ
δ
η
γ
λ
δ
η
δ
η
γ
λ
γ
λ
δ
η
γ
λ
δ
η
t
1−t
γ
λ
δ
ηt
Figure 16: An illustrative diagram of the first iteration where i < k < j.
4.2 Generating almost alternating and quasi-alternating links
Recall the following definitions. A link L ⊂ S3, other that the unknot, is prime if every 2-sphere in S3 that
intersectsL transversely at two points bounds on one side of it, a ball that intersectsL in precisely one unknotted
arc. A diagram D ⊂ S2, of a link other that the unknot, is a prime diagram if any simple closed curve in S2
that meets D transversely at two points bounds, on one side of it, a disk that intersects D in a diagram U of the
unknotted ball-arc pair.
We will use the Kauffman polynomial ΛL(a, z) ∈ Z[a, a−1, z, z−1] which is an invariant of regular isotopy for
unoriented link diagrams L. It satisfies the following relations
1. Λ = 1.
2. Λ + Λ = z(Λ + Λ ).
3. Λ = aΛ .
4. Λ = a−1Λ .
If L is a link or a link diagram, then c(L) is the crossing number of L.
Proposition 4.3. Let T be a strongly alternating tangle diagram such that n(T ) is prime. If t is a rational
tangle diagram such that 0 < t < 1 and det(N(−t+T )) 6= 0, then the link N (−t+ T ) is almost alternating.
To prove the proposition we will need the following lemma.
Lemma 4.4. Let T be is a strongly alternating tangle diagram such that n(T ) is prime. If t is a rational tangle
diagram such that 0 < t < 1, then
degz Λn(−t+T )(a, z) = c (n(−t+ T ))− 2.
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Proof. We will prove the lemma by induction on the number k of the integer tangles consisting the diagram t.
First step: If k = 1, since t < 1 then t = 1p for some integer p ≥ 2. Then n(−t+ T ) = n(−1p + T ). To prove
the result, we will do another induction on p: if p = 2, we apply the skein relation satisfied by the polynomial
L at the top crossing of the tangle −1
2
, then we get
Λn(− 1
2
+T ) = zaΛn(T ) + zΛn(−1+T ) − Λd(T ).
By Theorem 4 in [24], we have degz Λn(T ) ≤ c(n(T )) − 1. Since n(T ) is prime, according to the discussion
which follows from Theorem 5 in [24], we have
degz Λn(T ) = c(n(T ))− 1.
By applying once again Theorem 4 cited above, we have also
degz Λn(−1+T ) ≤ c(n(−1 + T ))− 3 = c(n(T ))− 2, and degz Λd(T ) ≤ c(d(T ))− 1.
Furthermore we know that c(n(T )) = c(d(T )). Finally we get that
degz Λn(− 1
2
+T ) = degz
(
zaΛn(T )
)
= 1 + c(n(T ))− 1 = c(n(−1
2
+ T ))− 2.
Now if the result holds up to an integer p, p ≥ 2, by applying a new time the skein relation at the top crossing
of the integer tangle − 1
p+ 1
we obtain that degz Λn(− 1
p+1
+T ) = c(n(− 1p+1 + T ))− 2.
Second step: let k ≥ 1 be a fixed integer and suppose that the lemma holds up to k. Let t be a rational tangle
diagram consisting of k + 1 integer tangles. We can write t = [0, a1, ..., ak, p]. Note that if p = 1, by adding
p with the integer tangle ak the tangle t becomes a rational tangle consisting of k integer tangles for which the
result holds by the induction hypothesis. So we can suppose that p ≥ 2. Without loss of generality, we may
assume that k is even, in which case the integer tangle p will be vertical. We do an other induction on p. If
p = 2, then n(−t + T ) = n(− [0, a1, ..., ak, 2] + T ). by applying a new time the skein relation at the top
crossing of the integer tangle 2 we get
Λn(−[0,a1,...,ak,2]+T ) = zΛn(−[0,a1,...,ak+1]+T ) + zaΛn(−[0,a1,...,ak]+T ) − aakΛn(−[0,a1,...,ak−1]+T ).
By the induction hypothesis, we get
degz Λn(−[0,a1,...,ak,2]+T ) = degz
(
zΛn(−[0,a1,...,ak+1]+T )
)
= 1 + c(n(− [0, a1, ..., ak + 1] + T ))− 2
= c(n(− [0, a1, ..., ak, 2] + T ))− 2.
Now if we assume that the result holds for any integer up to p, p ≥ 2, it easy to proof the result for p + 1 by
writing the skein formula and by using the induction hypothesis, and the proof is done.
Proof of Proposition 4.3. We prove thatN(−t+T ) is not alternating and we provide an almost alternating link
diagram of it.
Suppose that the link N(−t + T ) is alternating. Since det(−t + T ) 6= 0, then N(−t + T ) has a connected,
reduced and alternating diagram D. By using Theorem 1 in [23], we have Br〈D〉 = 4c(D) where Br〈D〉
is the breadth of 〈D〉, i.e. the difference between the maximal degree and the minimal degree of the inde-
terminate that occur in the Kauffman bracket polynomial 〈D〉. On the other hand, by using the tangle isotopy
−t = −1+(1−tt ∗1), we get thatD is equivalent to the dealternator reduced and dealternator connected diagram
n(−1 + (1−tt ∗ 1) + T ) as shown in Fig. 17.
1−t
t
1−t
t − t1−t
−t
Figure 17: A equivalence of −1 + (1−tt ∗ 1) and −t.
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−t T
1−t
t T∼
Figure 18: The link diagram n(−t+T ) (on the left) and the equivalent almost-alternating, dealternator reduced,
and dealternator connected diagram n(−1 + (1−tt ∗ 1) + T ) (on the right).
By Theorem 4.4 in [2], we have
Br〈n(−1 + (1− t
t
∗ 1) + T )〉 ≤ 4
(
c(n(−1 + (1− t
t
∗ 1) + T ))− 3
)
.
We can easily see from Fig. 17 that c(n(−1+(1−tt ∗1)+T )) = 1+c(n(−t+T )). Hence, c(D) ≤ c (n(−t+ T ))−2.
By Theorem 4 in [24], we have degz ΛD ≤ c(D)−1. Hence, by Lemma 4.4 we have c(n(−t+T ))−2 ≤ c(D)−1.
This is absurd since c(D) ≤ c(n(−t+ T ))− 2.
Theorem 4.5. Let T be a strongly alternating tangle diagram, k be an integer, k ≥ 1, and {t1, . . . , tk} be a
family of rational tangle diagrams such that 0 < ti < 1, for each i. If the link N(−1 +T ) is quasi-alternating,
n(T ) is prime, and det (n(T )) > det (d(T )), then the link N(−1 + t1 + ...+ tk +T ) is almost alternating and
quasi-alternating.
Denote by Tk = 12 + ...+
1
2 + T the sum of k copies of the rational tangle
1
2 and the tangle T .
Remark 4.2. The following results easily follow from the assumptions assumed in the statement of the theorem
above. for each k ≥ 1, the tangle diagram Tk is strongly alternating and locally unknotted. Since d(Tk) is
composite then by using Lemma 2.2, the link diagram n(Tk) is prime. Furthermore by simple calculations, one
can prove the following relations
det(d(Tk)) = 2
k det(d(T )) and det(n(Tk)) = 2k det(n(T )) + k2k−1 det(d(T )).
Hence det(n(Tk)) > det(d(Tk)).
Lemma 4.6. Let T be a strongly alternating tangle diagram such that n(T ) is prime, the link N(−1 + T ) is
quasi-alternating and det(n(T )) > det(d(T )). Then for each k, the link N(−1 + Tk) is almost alternating
and quasi-alternating.
Proof. We will do an induction on k.
If k = 1: we must show the result for the link N(−1 + T1). Note that the rational tangles −12 and −1 + 12 are
the same then the links N(−12 + T ) and N(−1 + (12 + T )) = N(−1 + T1) are equivalent. The tangle diagram
T is strongly alternating and n(T ) is prime. Since the rational tangle 12 is less than one, then by Proposition 4.3
the link N(−12 + T ) is almost alternating.
On the other hand, n(−1 + T ) is an almost alternating diagram of a quasi-alternating link. Remembering that
n(T ) and d(T ) are exactly the smoothings of n(−1 + T ) at c, since det(n(T )) > det(d(T )), then by using
Theorem 3.8, the dealternator extension of the diagram n(−1 + T ) by −12 which is N(−12 + T ) is quasi-
alternating.
Now, assume that the result is true for k− 1. That is N(−1 +Tk−1) is almost alternating and quasi-alternating.
By the remark above, the tangle Tk−1 satisfies the same conditions as T . By applying the same arguments used
for the case k = 1 with Tk instead T , we obtain that the linkN(−12+Tk−1) = N(−1+ 12+Tk−1) = N(−1+Tk)
is both quasi-alternating and almost alternating.
Proof of Theorem 4.5. We start by noting that the link diagram n(−1+Tk) is quasi-alternating at each crossing
of its rational tangles 12 . Indeed, for any integer j, 1 ≤ j ≤ k, the two smoothings of n(−1 + Tk) at the top
crossing of the j-th tangle 12 are exactly n(−1+Tk−1) and n(Tk−1) which are both quasi-alternating. Moreover
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det(n(−1 +Tk−1)) = det(n(−1 +Tk)) + det(n(Tk−1)). By a similar argument one can show that the bottom
crossing of the j-th tangle 12 is also quasi-alternating.
Now, for each i, 1 ≤ i ≤ k, we extend the link diagram n(−1 + Tk) at the top crossing of the i-th tangle 12 by
the rational tangle by ti1−ti . By using the rational tangle equivalence
ti
1−ti ∗ 1 = ti, we see that those extensions
provide the link diagram n(−1 + t1 + ...+ tk + T ) which is then quasi-alternating by Theorem 1.1.
To see that n(−1 + t1 + ... + tk + T ) is almost alternating, one can apply Proposition 4.3 by considering the
rational tangle (1− t1) < 1 and the tangle t2 + ...+ tk + T .
Remark 4.3. After testing on several examples, we suspect the following result. If T is a strongly alternating
tangle diagram such that n(T ) is prime, then
det (n(T )) > det (d(T )) .
If this is true, it will allow to reduce the assumptions of the Theorem 4.5.
Corollary 4.7. Let T be a strongly alternating tangle diagram, let k be an integer, k ≥ 1, and let {t1, . . . , tk}
be a family of rational tangle diagrams such that 0 < ti < 1, for each i. If the link N(−1 + T ) is quasi-
alternating, d(T ) is prime, and det (d(T )) > det (n(T )), then the link N(−1 + t1 + ...+ tk + 1T cc) is almost
alternating and quasi-alternating.
Proof. The main observation is that link diagram n(−1 + 1T cc) is equivalent n(−1 + T ) up to mirror image as
one can see in the figure 19. Hence the link N(−1 + 1T cc) is quasi-alternating.
1
T cc −T
−T
−T
T
Mirroring
Figure 19: Equivalence between n(−1 + T ) and n(−1 + 1T cc).
On the other hand, 1T cc is strongly alternating and n(
1
T cc
) = d(−T ) = −d(T ). Then
det(n(
1
T cc
)) = det(d(T )) > det(n(T )) = det(−(−n(T )) = det(n(−T )) = det(d( 1
T cc
)).
Then we apply Theorem 4.5 to the tangle 1T cc instead T .
Example 4.1. We consider the quasi-alternating and almost alternating link diagram on the left in the Fig. 20.
By applying Theorem 4.5 we get the quasi-alternating and almost alternating link whose diagram is on the right
in the same figure.
Figure 20:
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Theorem 4.8. Every connected, locally unknotted, reduced alternating tangle diagram generates infinitely
many quasi alternating and almost alternating links.
Proof. Let t = [0, a1, ..., ak] be a rational tangle such that k ≥ 2 is an even integer and T be a connected,
locally unknotted, reduced alternating tangle diagram. We denote by T ? t the tangle diagram depicted in Fig.
21.
T ak
a
k−
1
ak−2
a2
a
1
b
b
b
Figure 21: The tangle diagram T ? t.
We note that the link diagram n(−t+ T ? t) equivalent to n(T ) or n(Th) according to the parity of ak (the
links N(T ) and N(Th) are the same). The Fig. 22 exhibits that equivalence for a particular rational tangle
[0, n, 2m]. The link N(−t + T ? t) is alternating. It is non split by connectedness of T . By using the rational
tangle equivalence−t = −1 + (1−tt ∗ 1), the link diagram n(−t+T ? t) is equivalent to the almost alternating,
dealternator connected, and dealternator reduced link diagram n
(−1 + (1−tt ∗ 1) + (T ? t)). Denote by S the
tangle diagram (1−tt ∗ 1) + (T ? t). It is clear that S is strongly alternating and Lemma 2.2 provides that n(S)
is prime. Furthermore, simple calculations show that det(n(S)) > det(d(S)). We can then apply Theorem
4.5 to generate infinitely many quasi-alternating and almost alternating links starting with the link diagram
n(−1 + S), which represents the non split alternating link N(T ).
T T
T
TT
−2m 2m
−2m
−2m2m
2m
2m2m
n
nn
n− 1
−
n
−
n
Figure 22: The link diagram n(T ) is equivalent to n(− [0, n, 2m] + T ). This is equivalent to the almost
alternating link diagram n(−1 + [0, 1, n− 1, 2m] + T ? [n, 2m]).
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5 Crossing numbers and determinants of the generated links
Qazaqzeh et al. showed that the cossing number of any alternating (non-split) link is less than its determinant
(see Proposition 2.2 in [20]). Then following many verifications for some known families of quasi-alternating
links, they stated the conjecture 1.1. Our aim in this section is to check that the conjecture is satisfied by all
links provided by dealternator extensions.
Proposition 5.1. Let D be an almost alternating link diagram with dealternator c such that L(D) is quasi-
alternating and c(D) ≤ det(D). Let Dc←ω, where ω is equal either to −12 or − 2, be the quasi-alternating
dealternator extension of D obtained by Theorem 3.8. Then every rational extension D of Dc←ω at c satisfies
c(D) ≤ det(D).
Proof. We first consider the case where the quasi-alternating dealternator extension given by Theorem 3.8 is
Dc←−
1
2 . Note that this occurs if and only if det (Dc0) > det (D
c∞).
We have c
(
Dc←−
1
2
)
= c(D) + 1 ≤ det(D) + 1. Now since Dc←− 12 is by assumption quasi-alternating at c,
then
det
(
Dc←−
1
2
)
= det (Dc∞) + det (D
c
0) .
Since det (Dc0) > det (D
c∞) ≥ 0 and Dc∞ is equivalent to D, then
c
(
Dc←−
1
2
)
= c(D) + 1 ≤ det(D) + 1 ≤ det
(
Dc←−
1
2
)
Now if D is a rational extension of Dc←− 12 at c, which is a quasi-alternating crossing in Dc←− 12 , then by
Theorem 2.3 in [20] we get that c(D) ≤ det(D). A similar argument gives the result in the case where the
quasi-alternating dealternator extension given by Theorem 3.8 is Dc←−2.
Proposition 5.2. Let D be an almost alternating link diagram, dealternator reduced and dealternator con-
nected, with dealternator c and such that L(D) is quasi-alternating. Let Dc←ω, where ω is equal either to
−12 or −2, be the quasi-alternating dealternator extension of D obtained by Theorem 3.8. Then every rational
extension D of Dc←ω at c satisfies c(D) ≤ det(D).
Proof. We first consider the case where the quasi-alternating dealternator extension given by Theorem 3.8 is
Dc←−
1
2 . Note that this case occurs when det (Dc0) > det (D
c∞). Suppose that c
(
Dc←−
1
2
)
> det
(
Dc←−
1
2
)
,
then
c(D) + 1 = c (Dc∞) + 2 > 2 det (D
c
0)− det (Dc∞) . (3)
But since Dc∞ is alternating and reduced, then by Proposition 2.2 in [20] we get that c (Dc∞) ≤ det (Dc∞).
Hence, (3) implies that
det (Dc∞) + 2 > 2 det (D
c
0)− det (Dc∞)
Which is equivalent to
det (Dc∞) ≥ det (Dc0)
Which is absurd. This allows to conclude that c
(
Dc←−
1
2
)
≤ det
(
Dc←−
1
2
)
. Now if D is a rational extension
of Dc←−
1
2 at c, which is a quasi-alternating crossing in Dc←−
1
2 , then by Theorem 2.3 in [20] we get that
c(D) ≤ det(D).
We prove in a similar way the result when the quasi-alternating dealternator extension given by Theorem 3.8 is
Dc←−2.
Corollary 5.3. Every quasi-alternating and almost alternating link provided by Theorem 4.5 or Theorem 4.8
satisfies the Conjecture 1.1.
Proof. The links provided by Theorem 4.5 and Theorem 4.8 are obtained by dealternator extensions of dealtern-
ator reduced and dealternator connected diagrams which represent quasi-alternating links. Then, they satisfy
Conjecture 1.1 by Proposition 5.2.
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Proposition 5.4. Let T be a strongly alternating tangle diagram such that n(T ) is prime. Let t be a rational
tangle, 0 < t < 1. If the link N(−t+ T ) is quasi-alternating, then c(N(−t+ T )) ≤ det(N(−t+ T )).
Proof. By Lemma 4.4, we have deg Λn(−t+T ) = c(n(−t + T )) − 2. By using Theorem 1.2. in [22], we have
deg Λn(−t+T ) = c(n(−t+ T ))− 2 ≤ det(N(−t+ T ))− 2. Then the result follows easily.
Corollary 5.5. Every quasi-alternating Montesinos link L satisfies Conjecture 1.1.
Proof. The result for quasi-alternating Montesinos links which are also alternating is provided by Proposition
2.2 in [20].
Let L be a non alternating, quasi-alternating Montesions link. Then by Theorem 4.1 there exists an integer
n ≥ 3 and an ordered set of rationals {αkβk }1≤k≤n all greater than one where L is isotopic, up to mirror image, to
the linkM
(
−1; α1β1 , ..., αnβn
)
which is the same asN
(
−1 + β1α1 , ...,
βn
αn
)
. Put t = α1−β1α1 and T =
β2
α2
+ ...+ βnαn .
The tangle t is a rational tangle and we have−t = −1+ β1α1 . On the other hand, the tangle diagram T is strongly
alternating and n(T ) is prime by Lemma 2.2. Now since the linkL is equivalent toN(−t+T ), the result follows
by Proposition 5.4.
6 The converse of Theorem 1.1 is false
Let D be a link diagram in the plane. Suppose that there exists a disk in the plane meeting D transversely four
times and enclosing a tangle diagram T . We say that T is embedded in D.
Take an almost alternating diagram D such that L(D) is quasi-alternating and denote by c the dealternator
ofD. Without loss of generality, let us assume that det(Dc0) > det(D
c∞). By Theorem 3.8 the diagramD
c← 1−2
is quasi-alternating at each crossing of the tangle 1−2 . When replacing this tangle by one of its crossings, we get
back D. This diagram will not be quasi-alternating at c as one can see by using Corollary 3.3. This observation
supports the following question asked by Chbili and Qazaqzeh in [21].
Question 1 (Question 1, [21]). Let D be a quasi-alternating diagram at a crossing c that is a part of a rational
tangle diagram t embedded in D. Let D′ be the link diagram obtained by replacing the projection disk of t by
the single crossing c. Is the link L(D′) quasi-alternating ?
In fact Question 1 asks if the converse of Theorem 1.1 is true. In order to give an answer, we exhibit
some almost alternating diagrams representing non quasi-alternating links whose dealternator extensions yield
quasi-alternating diagrams.
Lemma 6.1. Let L = N(T + S) be a semi-alternating link. Then L admits a dealternator reduced and
dealternator connected almost-alternating diagram D. Furthermore, if we denote by c the dealternator of D,
then the link L
(
Dc←
1
−2
)
is a non-split alternating link.
Proof. Assume without loss of generality that T is of type 1 and S is of type 2. Let S′ denote the type 1 tangle
diagram (− 1S cc)h and D denote the link diagram n(−1 + (S′ + 1) ∗ (T + 1)). We have L(D) = N(T + S)
as shown in Fig. 23. Furthermore, the diagram D is almost-alternating, dealternator reduced, and dealternator
connected.
Denote by c the dealternator of D. Fig. 24 shows that Dc←
1
−2 is equivalent to a connected alternating
diagram. Hence Dc←
1
−2 is a non-split alternating link.
Proposition 6.2. There exists a link diagram D, quasi-alternating at some crossing c that belongs to an em-
bedded rational tangle t such that, the replacement of t with the single crossing c yields a non quasi-alternating
link.
Proof. Let T where T and S are strongly alternating tangle diagrams of type 1 and type 2 respectively and put
S′ = (− 1S cc)h. Take D to be the link diagram n(−13 + (S′ + 1) ∗ (T + 1)) and denote by c the top crossing
of the vertical tangle diagram −13 . Denote by d the almost alternating diagram n(−1 + (S′ + 1) ∗ (T + 1))
and let c′ denote its dealternator. Clearly D is exactly the diagram dc
′← 1−3 . Lemma 6.1 shows that the link
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S′
T
S′
T
S′
T
S′
T
S′
T
S
T
Figure 23: The link diagram n(−1+(S′+1)∗ (T +1)) is equivalent to the semi alternating diagram n(T +S).
S′
T
S′
T
S′
T
S
′
T
Figure 24: The link diagram Dc←
1
−2 is equivalent to an alternating diagram.
L(dc′←−12 ) = N(−12 +(S′+1)∗ (T +1)) is alternating none split and then it is quasi-alternating. By Corollary
3.7 D is quasi-alternating at the crossing c.
If we replace in D the vertical tangle diagram −13 with the single crossing c we obtain the diagram d.
Lemma 6.1 shows that the link L(d) is semi alternating, hence non quasi-alternating.
Proposition 6.2 answers negatively Question 1 by exhibiting an infinite family of counterexamples.
Remark 6.1. Note that Proposition 6.2 shows also that the converse of Theorem 3.3 in [21] is false.
To complete this work, we ask some questions.
Let t be a rational tangle diagram, 0 < t < 1, and T be a strongly alternating tangle diagram. The
Proposition 3.6, provides a necessary (but not sufficient) condition for the link L = N(−t + T ) to be quasi-
alternating, namely det(n(T ))det(d(T )) > t. By analogy with the characterization of quasi-alternating Montesinos links
in Theorem 4.1, we can expect a characterization of quasi-alternateness of links N(−t+ T ) by some algebraic
relation between t and det(n(T ))det(d(T )) . Hence the following question
Question 2. Do the rational numbers t and
det (n(T ))
det (d(T ))
suffice to characterize the quasi-alternateness of the
link N(−t+ T )?
On the other hand, Chbili and Qazaqzeh recently stated a conjecture about quasi-alternating links depending
on the coefficients of their Jones polynomials. Write the Jones polynomial of a link L as VL(t) =
m∑
i=0
ait
i,
where m ≥ 0, a0 6= 0, and am 6= 0. The conjecture was formulated as follows.
Conjecture 6.1 (Conjecture 2.3, [6]). If L is a prime quasi-alternating link, other than (2, n)-torus link, then
the coefficients of the Jones polynomial of L satisfy aiai+1 < 0 for all 0 ≤ i ≤ m− 1.
Question 3. Do the quasi-alternating links arising as dealternator extensions satisfy Conjecture 6.1?
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